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1. Introduction

When agents make choices independently and simultaneously, standard no-
tions of rationality postulate that each agent chooses a myopic best response to
a fixed belief about his opponents’ behavior. The story is quite difference when
the decisions of some agents may depend on the actual behavior of others. In
such settings, it is not sufficient for agents to consider the material consequences
of their acts taking the behavior of their opponents as given. Agents must also
consider the way that their own choices might affect those of others.

Choice interdependence is particularly relevant in moral hazard environments
with no Pareto efficient Nash equilibria. With complete information, the problem
of moral hazard can be solved if agents can enforce complete contracts (Coase
theorem), or if they interact repeatedly and are patient enough (folk theorems).
This is possible because written contracts or publicly observed histories serve as
coordination devices allowing interdependence. This paper abstracts the notion
of choice interdependence from such settings to investigate the extent to which
its power remains in environments without binding commitment, repetition, or
monetary transfers.

I consider situations in which each agent has to choose an perform an irre-
versible action at a time of his choosing, and such actions are verifiable but not
contractible. Examples of such environment can be, citizens casting a vote in an
election, prisoner choosing whether to accept or reject a sentence reduction in
exchange for a confession, or competing firms choosing which features to include
in their products. Suppose that a researcher knows the actions available to each
agent and the agents’ preferences over act profiles, and know that this this infor-
mation is common knowledge among the players. However, she does not know
any additional details about the environment. In particular, she does not know
the specific game tree being played. What predictions could she make about the
outcome of the environment? Could anything other than a correlated equilibria
emerge? Would a folk-theorem-like result apply?

I propose two tractable and simple solution concepts to help address these
questions. Interdependent-choice Rationalizability (ICR) is a form of rationaliz-
ability that allows for agents to believe that the choices of others depends on their
own. Interdependent-choice equilibrium (ICE) with respect to a set of credible
threats, is a simple notion of equilibrium defined by a finite set of affine inequal-



ities. Define an extensive form mechanism (EFM) to be an extensive form game
that is compatible with the information the researcher has about the environment.
Proposition 3 states that, if an outcome is implementable as a Nash equilibrium
of an EFM, then it must be an ICE. Proposition 4 states that, if an outcome is an
ICE with respect to the set of ICR actions, then it is implementable as a perfect
Bayesian (PB) equilibrium of an EFM. Proposition 5 states that, in generic 2 x 2
environments, an outcome can arise as a sequential equilibrium of an EFM if and
only if it is an ICE with respect to the set of ICR actions.

Even without contracts, ICE can go well beyond the set of correlated equilibria.
However, it yields sharper predictions than standard models with full commitment.
The set of interdependent belief systems that are consistent with an EFM are re-
strictive enough to rule out a folk-theorem-like result. In particular, in sections
2 and 5, I show that cooperation possible in some but not all prisoners’ dilem-
mas. Proposition 6 characterizes exactly how and for which prisoners’ dilemmas
cooperation is possible. I use this characterization to find the optimal deal that a
district attorney should offer to the prisoners (Proposition 8).

There are many different EFMs that implement the same outcome as an equi-
librium. In section 6, I introduce a class of mechanisms called mediated mecha-
nisms that are canonical in the sense of Forges (1986). That is, every outcome that
can be implemented in some EFM can also be implemented in a mediated mech-
anism. In a mediated game, a non-strategic mediator manages the play through
private recommendations. The salient features are that the mediator can choose
the timing of the recommendations, and make her recommendations contingent
on the past behavior of the agents.! For these mechanisms to be feasible, it is im-
portant that the timing of the actions is flexible, and that actions can be directly
observed or verified by an impartial third party. The set of mediated mechanisms
is not the only canonical canonical class of EFM. However, it is a natural choice
in accordance with the principle that implementation is easier when the mediator
can observe everything, while the agents have as little information as possible
(Myerson, 1986).

Being an ICE with respect to ICR actions is a sufficient but not a necessary

!The mediators in my model are remarkably powerful in comparison to the ones in classic
studies that only allow mediators to engage simultaneous pre-play recommendations such as
Aumann (1987), or simultaneous communication at fixed stages of the game such as Myerson
(1986). In contrast, they are less powerful than mediators who can take actions on behalf of the
players as in Moulin and Vial (1978), Monderer and Tennenholtz (2009) and Forgé (2010).



condition to be PB implementable. This is because, after observing an unex-
pected event in an extensive form game, a player might believe that the past
choices of his opponent were not rational. Hence, despite the fact that ICR is
equivalent to common knowledge of rationality with interdependent beliefs (cf.
Halpern and Pass (2012)), it is possible for rational players to choose off-the-
equilibrium-path actions which are not ICR. To deal with this issue, section 7
introduces the notions of forward-looking interdependent-choice rationalizability
(FICR), and quasi-sequential equilibrium (QSE). QSE is a notion of equilibrium
for extensive form games that lies in-between PB equilibrium and sequential equi-
librium. Proposition 10 asserts that an outcome is QS implementable if and only
if it is an ICE with respect to FICR actions.

Comparison with the literature

Choice interdependence is a common theme across various literatures. Besides
the well established literatures on repeated games and games with contracts, dif-
ferent literatures allow for different forms of implicit repetition, commitment or
transfers. The literature on counterfactual variations can be thought of as a re-
duced representation of repeated games (Kalai and Stanford, 1985). Commitment
can be traced back to Moulin and Vial (1978) and Kalai (1981), which allow play-
ers to delegate choices to a mediator, or make binding preplay announcements.
With unrestricted commitment, one obtains folk theorems (Kalai et al., 2010).
Recent relevant works in this area include papers on commitment (Bade et al.,
2009, Renou, 2009) and delegation (Forgd, 2010). Also related is the recent lit-
erature on revision games (Kamada and Kandori, 2009, 2011), which allow for a
specific form of pre-play binding communication, see also Calcagno et al. (2014)
and lijima and Kasahara (2015).

Other literatures allow for counterfactual reasoning without being explicit
about the mechanism that generates choice interdependence. Seminal examples
include Rapoport (1965) and Howard (1971). More recently, Halpern and Rong
(2010) and Halpern and Pass (2012), analize equilibrium and rationaliability with
counterfactual beliefs. Once again, folk theorems hold if no further restrictions
are imposed. There is a question as to when and which forms of counterfactial
reasoning are consistent with the idea that players have independent free wills
(Gibbard and Harper, 1980, Lewis, 1979). The present work thus considers only



those counterfactual beliefs which can arise from different sequential and informa-
tional structures of an EFM.

In this regard, the current work is closely related to (Nishihara, 1997, 1999).
Nishihara proposes a mechanism that allows for cooperation in some prisoners’
dilemma games. An important difference is that my mechanism is exaclty timeable
is the sense of Jakobsen et al. (2016). See Section 6.2 for more details. Also, I go
beyond cooperation in the prisoners’ dilemma and characterizes every outcome
which can be implemented in any finite game.

Interdependent choices have also been studied in other contexts. Eisert et al.
(1999) shows that cooperation is possible in a prisoners dilemma, when players
can condition their choices on certain quantum randomization devices with en-
tangled states. Tennenholtz (2004)’s program equilibrium generates choice inter-
dependence for games between computer programs by allowing them to read each
other’s code before taking an action. Similarly, Levine and Pesendorfer (2007)’s
self-referential equilibrium allows player’s to receive a signal about their oppo-
nent’s intentions before making their own choice. See also Block (2013) and
Block and Levine (2015). I rule out this kind of signals as they represent a from
of commitment: from the moment of deciding which action to play, to the moment
of actually performing it. ICE can arise in settings where choices are instanta-
neous, and players can hide their intentions.

2. Cooperation in a prisoners’ dilemma

Consider the following variation of the prisoners’ dilemma. Two prisoners
awaiting trial are offered a sentence reduction in exchange for a confession. As
usual, this is a one-shot interaction and there are no contracts nor monetary
transfers. However, I do not assume that the prisoners must make their choices
independently nor simultaneously. Instead, they can choose the timing of their
actions and hire a non-strategic lawyer (she) to help them coordinate. Formally,
suppose the following:

(i) Each prisoner ¢ = 1,2, must submit an official signed statement at a time
of his choosing t; € [0, 1].



(ii) The statement specifies whether the prisoner chooses to to cooperate with
his accomplice (C), or defect by accepting the deal (D). Once submitted,
the statement cannot be modified or withdrawn.

(iii) The lawyer can make private non-binding recommendations to each prisoner
at any moment in time.

(iv) Each prisoner can show the lawyer a certified copy of his submitted state-
ment as hard proof that he cooperated or defected.

(v) The prisoners’ preferences are summarized in the following payoff matrix,
where ¢g,[ > 0 are fixed parameters.

C D

C 1,1 —l,14yg

D|1+g,—l| 0,0

Figure 1 — Payoff matrix for the prisoners’ dilemma.

If g < 1, it is possible for the prisoners to cooperate in equilibrium. They
could instruct the lawyer to proceed as follows. She will randomly and privately
choose two times r; € [0,1]. At date r;, she will recommend prisoner i to immedi-
ately submit his statement with some recommended action. In equilibrium, both
prisoners will follow such recommendations and immediately report back show-
ing the copy of their statements as proof of compliance. The lawyer will always
recommend C along the equilibrium path, and D after any detectable deviation.

The recommendation dates should be drawn as r; = 1 — 1/n; where ny,ny €
IN are chosen as follows. First, the lawyer will draw n € IN from a geometric
distribution with parameter p € (0,1 — g). This is possible only because of the
assumption g < 1.? Then, with probability 1/2, she sets n; = n and ny = n + 1,
and with probability 1/2 she sets no = n and ny =n + 1.

I will now show that following the lawyer’s recommendations constitutes a
sub-game-perfect equilibrium of the induced game. There are different types of
histories to consider. First, suppose that prisoner i is recommended to cooperate

2The condition g < 1 is both sufficient and necessary to be able to implement cooperation
as an ICE. See Corollary 7 in section 5.



at time t; = 0. In this case, ¢ knows for sure that he is the first player to receive a
recommendation. Hence, if he cooperates and shows evidence of this to the lawyer,
then —i¢ will also cooperate and his payoff will be u;(C,C) = 1. Otherwise, if he
deviates by defecting, waiting, or refusing to show evidence of his cooperation to
the lawyer, then his accomplice will defect and his payoff will be no better than
u;(D,D) = 0. Hence, in this case, it optimal for ¢ to be obedient and cooperate.

Now suppose that i is recommended to cooperate at some time t; = 1—1/n; >
0. As before, if he cooperates and shows evidence of this to the lawyer, then —i will
also cooperate and his payoff will be u;(C,C) = 1. If he deviates by defecting, his
payoff will equal (1+g¢) times the probability that player —i has already cooperated
and won’t have an opportunity to react to ¢’s deviation. This probability is given
by

1/2-Pr(n=mn; — 1) 1
i %) 1/2-Pr(n=mn;)+1/2-Pr(n=n;—1) 2—p

Hence, ©’s expected utility from defecting is bounded above by

1 qig<

1—g)=1
2, (1-9)=1,

1
2-(1-y9)
which implies that cooperating is optimal.

Now consider a history when prisoner ¢ is recommended to defect. Because
this recommendation only arises after a detectable deviation, ¢ can believe that
his accomplice has already confessed. And, therefore, it is optimal for ¢ to do the
same. Finally, it is easy to see that there is no reason why a prisoner would like to
submit his statement before being instructed to do so by the lawyer. Hence, always
following the lawyer’s recommendations constitutes a sequential equilibrium that
results in full cooperation.



3. A framework for robust predictions

Each player i € I = {1,2} is to choose and take one and only one irreversible
action a; from a finite set A;.° Let & = {x;c;AL|Vi € I, A, C A;} denote the set
of action subspaces. i’s preferences are represented by u; : A — R. No form of
contract or binding agreement with regard to these actions can be enforced. Each
agent must freely choose which action to take. The restriction to two players is
for exposition purposes. The model can be extended to n-player environments,
but the required notation is cumbersome.

3.1. Extensive form mechanisms

The tuple E = (I, A, u) is only a partial characterization of the environment.
It says nothing about the order in which choices will be made, nor about the
information that each player will have when deciding which action to take.* In
particular, choices need not be independent nor simultaneous. Instead, players
could be playing some extensive form game that generates choice interdependence.
For instance, players could condition their choices on correlated random signals.
Alternatively, it could be the case that players take their actions sequentially in a
fixed order, so that the decisions the later movers depends on the choices of those
who moved first. I assume that the agents could be playing any extensive form
game that is consistent with our partial description of the environment, and with
the no-commitment assumption.

Extensive form games are defined as in Osborne and Rubinstein (1994), with
some differences in notation. An extensive form game is characterized by a tuple
G = (M, X,j,7,s9,v). M is the finite set of moves and X C,cy M is the
countable set of nodes. j(x) € TU{0} is the agent moving at x, where 0 represents
Nature (or a mediator). Z and Y; are the sets of terminal nodes and i’s decision

31 employ the stabdard notation —i for i’s opponent, a = (a;,a_;) € A = x;A; for action
profiles, & € A(A) for joint distributions, a; € A(A;) for marginal distributions, and «(-|a;) €
A(A_;) for conditional distributions.

4Here, the term “information” refers to information about the actions taken by other players.
The environment F is assumed to be common knowledge. In contrast, Bergemann and Morris
(2013) derive robust predictions to assumptions on the information that the players have about
the payoff structure.



nodes, respectively. 77 partitions Y; into information sets and satisfies perfect
recall. Let M(z) and M(H) denote the sets of moves available at a node z € X
or an information set H € S, respectively. sg : Yy — A(M) specifies the players’
common prior beliefs about Nature’s behavior. Finally, v; : Z — R represents ¢’s
preferences over terminal nodes.

The following definition captures the set of extensive form games that are
consistent with our partial description of the environment, while ruling out side-
payments, enforceable contracts, delegation, and any other form of binding com-
mitment regarding their choices about actions a;.

Definition 3.1 An extensive form mechanism (EFM) for E is an extensive form
game G such that for every terminal node z there exists an action profile a* and
a tuple of decision nodes (x7);e; € X;erY; such that

(i) For each i, A; C M;(x?), and both z7 and (z7, a?) are predecessors of z.
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(iii) For each player i, decision node 2/ € Y;, and action a; € A;, if both 2/ and
(x}, a}) are predecessors of z, then z; = x7 and a = a?.

The first requirement is that each terminal node 2z can be associated with
an action profile a*, and utility over terminal nodes is given by the utility from
the corresponding action profiles. The second requirement is that each player
¢ actually chooses his own action a?. Also, it rules out partial commitment by
requiring that, at the moment of choosing a7, player ¢ could have chosen any other
action in A;. The third requirement is that choices are irreversible. Conditions
(ii) and (iii) together imply that for every every action profile a € A, there exists
at least one terminal node z such that a* = a.

For exposition purposes, Definition 3.1 is more restrictive than necessary. In
particular, it requires that there is at most a single way to perform each action
in each information set. This precludes features that might seem relevant, such
as allowing players to decide on the spot whether to take an action publicly or
privately. Appendix A proposes a more general definition of EFMs. As it turns
out, all the results of the paper remain true with either definition.



3.2. Robust predictions

Given an EFM, a (behavior) strategy for player 7 is a function that assigns a
distribution s;(- |H) € A(M(H)) to each information set H € 7. Let S; denote
the set of i’s strategies, and S = x;5;. Let ((x|s, sg) denote the probability that
the game will reach node x given that Nature chooses according to sy and players
follow s. Each strategy profile s induces a distribution a® € A(A) over acts of the
environment given by a®(a) = X.cz) ((2]$, 50), where Z(a) = {z € Z | a* = a}.

Definition 3.2 A distribution over acts v € A(A) is (Nash, sequentially, PB, ...)
implementable, if there exists an EFM and a corresponding (Nash, sequential, PB,
..) equilibrium s* that induces it.

The set of implementable outcomes is exactly the set of robust predictions
that a researcher could make if he knew the partial description of the environ-
ment E, and he believed that the agents could be playing any equilibrium of any
EFM. Alternatively, it can be interpreted as the set of outcomes that the players
could implement as self-enforceable agreements without the use of binding com-
mitment devices. The main objective of the paper is to characterize the sets of
implementable outcomes under different notions of equilibrium and rationality.

4. Interdependent choice equilibrium and robust predictions

4.1. Interdependent choice equilibrium
This section characterizes the set of outcomes that are implementable in the
sense of Definition 3.2. This is done via the notion of interdependent choice

equilibrium defined as follows.

Definition 4.1 A distribution over action profiles & € A(A) is an interdependent-
choice equilibrium (ICE) with respect to a set of credible threats B € &7, if there

10



exists some 0 : A — A([) such that for all i € [ and o’ € A;

Y afa) <ui(a) — (1= 6(ila) ) uila, a—s) — Bila)ewi (o, B)) >0, (1)

a_;€EA_;

where w;(a,|B*,) := min {ui(ag,a_i) | a_; € Bii} and B*, = supp(a_;) U B_;.
For the case B = A, | omit the reference to B and simply sat that « is an ICE.

Some intuition about the definition ICE can be acquired by analyzing two
extreme cases. Condition (1) can be thought of as an incentive constraint for
player i, requiring that a; should be more profitable than deviating to af. If
O(ila) = 0, this condition coincides with the incentive constraints for correlated
equilibrium. In this case, player i computes the expected utilities from a; and a}
using the same distribution a_;( - |a;). In other words, 7 beliefs that the behavior
of —i does not depend on his own choice. In the opposite extreme, if 0(i|a) = 1,
player i believes that if he deviates from a; to a}, his opponent will react by
choosing the harshest punishment in B*,.° In this case, if B* = A, condition (1)
coincides with the definition of individual rationality.

The definition of ICE requires 6(-|a) to be a probability measure. This re-
quirement captures the fact that choice interdependence in my model should be
consistent with an equilibrium of some EFM.° For that to be the case, —i’s action
can only depend on 7’s action if —i makes his choice after observing a signal about
—i’s action. Of course, it cannot be the case that ¢ moves before —i and, at the
same time, —i moves before i. One can think of #(iJa) to be the probability that
¢ is the first player to move, conditional on being on an equilibrium path of play
in which the chosen action profile is a.

Proposition 1 (ICE properties) For any B € <7, the set of ICE with respect to B is

5The definition of ICE does not include any incentive constraints for such punishments, as
if agents could commit to punish any deviations. This is not an assumption, but rather a
technical tool to keep the model tractable. As it turns out, ICE can be used to characterize
implementation under different notions of perfection, by choosing B adequately.

6This is the point where my model differs from models with full commitment, such as
Kalai et al. (2010), Halpern and Pass (2012), Tennenholtz (2004) or Block and Levine (2015).
This restriction is the reason why the set ICE does not result in a folk-theorem-like result. In
particular, setting 6(ila) = 6 € (0,1), condition (1) resembles the recursive characterization
of SPNE of repeated games due to Abreu et al. (1990). With that analogy in mind, requiring
0(-]a) to be a probability measure is tantamount to assuming that the average discount factor
cannot exceed 1/2.

11



non-empty and contains the set of correlated equilibria and is contained in the set
of individually rational outcomes. The set of ICE with respect to A is a non-empty
closed and convex polytope.

Ezxample 4.1 Two partners decide whether to work (W) or shirk (S) in a joint-
venture, their payoffs are depicted in Figure 2. The figure also shows the sets
of payoffs corresponding to individual rationality, Nash equilibrium with public
randomization, correlated equilibrium, and ICE. In this example, all the Pareto
efficient outcomes correspond to ICE.

(W, W) is not a Nash equilibrium because, whenever an agent is working, his
opponent prefers to shirk. It is an ICE because, a player who considers shirking
knows that with some probability, his opponent will learn of this defection and
react by also shirking. The payoff vector (1,1) cannot be attained as an ICE,
because it requires players to shirk with high probability. Since each player always
prefers that his opponent works, this leaves too little room to punish deviations.

4 (W, W) ) ICE

1 Individually rational
(S, W)

Uy

|
| o
I \ \
(S,9) 1 4 5

Figure 2 — Equilibrium payoffs for a teamwork game.

4.2. Interdependent choice rationalizability

The salient feature of environments with choice interdependence, is that ratio-
nal agents do not make their choices given a fixed belief. Instead, they compute

12



expected utility with respect to counterfactual beliefs \; : A; — A(A_;), where
[Ai(a;)](a_;) represents i’s assessed likelihood that his opponent will choose a_; if
i plays a;. This section proposes a notion of rationalizablity that incorporate this
idea.

Before doing so, I will introduce some notation. Expected utility with respect
to counterfactual beliefs is denote by U;(a;, \i) = >0 .ca_, wia;, a—;) - [Ni(a;)](a—;).
An action a; is said to be a best response to \; if U;(a;, A;) > U;(al, ;) for all @) €
A;. For A" € o/, \;(A’) is the set of counterfactual beliefs such that [A;(a;)](A”;) =
1 for every a; € A;.

Definition 4.2 (Interdependent choice rationalizability (ICR))

o af € A;is IC-rationalizable (ICR) with respect to A" € o7, if and only if it
is a best response to some \; € A;(A').

o A € o is self-IC-rationalizable if and only if every action profile in A’
consists of actions that are ICR with respect to A’.

e The set of ICR action profiles, A'R, is the largest self-IC-rationalizable set.

ICR is analogous to (correlated) rationalizability (cf. Pearce (1984), Bernheim
(1984)), simply replacing correlated beliefs with counterfactual beliefs. It coin-
cides with the notion of minimax ratonalizability developed independently and
simultaneously by Halpern and Pass (2012). Halpern and Pass additionally show
that it is equivalent to rationality and common certainty of rationality in epistemic
models with counterfactual reasoning.

Let ICR;(A’) denote the set of i’s actions that are ICR with respect to A’. AR
is guaranteed to exist because ICR(-) is C-monotone. Consequently, the union
of all self self-IC-rationalizable sets is also self-IC-rationalizable. It is nonempty
because it always contains the set of rationalizable action profiles. A'“R can be
found in a tractable way using the notion of absolute dominance defined ahead.

Definition 4.3 Given two actions a;,a, € A;, a; absolutely dominates a) with
respect to A" € A if and only if min,_ea wi(a;, a_;) > maX, A’ wi(al, a_;).

In other words, a; absolutely dominates a}, if and only if the best possible pay-
off from playing a; is strictly worse than the worst possible payoff from playing

13



a;. Absolute dominance is much simpler than strict dominance in computational
terms because a player can conjecture different reactions for each alternative ac-
tion, and thus mixed actions need not be considered. The following proposition
ensures that ICR(A’) results from eliminating absolutely dominated actions, and
A'“R results from repeating this process iteratively.

Proposition 2 An action is ICR with respect to A’ if and only if it is not abso-
lutely dominated in A’, and the iterated removal of absolutely dominated actions
is order independent and converges in finite time to AR,

4.3. Robust predictions under choice interdependence

So far, two types of solution concepts have been introduced. First, the set
of implementable outcomes is the set of robust predictions that a researcher can
make that do not depend on the details of the environment. Second, ICE and
ICR are tractable solution concepts that are easy to compute. this section shows
that ICE and ICR can help to characterize the sets of implementable outcomes
under different standard notions of equilibrium for extensive form games. The

first result is that, every outcome that can arise as an equilibrium of an EFM is
an [CE.

Proposition 3 If a distribution over action profiles is Nash implementable then
it is an ICE.

Proposition 3 implies that an outcome which is not an ICE requires some form
of commitment, side payments, or repetition to be implemented in equilibrium. In
situations in which (i) action spaces and preferences are known, (ii) agents cannot
use binding commitment devices regarding their choices form A;, and (iii) agent’s
choices are expected to be in equilibrium, every equilibrium outcome is an ICE.
This prediction is robust even in the researcher does not know the details of the
timing and information structures.

The converse of Proposition 3 is also true. Every ICE is Nash implementable.
However, because EFM are extensive form games, plausible equilibrium predic-
tions should involve sequential rationality constraints. In particular, the definition
of ICE does not involve incentive constraints for additional off-the-equilibrium-

14



path punishments in B*\ {supp(a)}. The following proposition provides sufficient
conditions for implementation as perfect Bayesian (PB) equilibrium.

Proposition 4 FEvery ICE with respect to ICR is PB implementable.

The condition in Proposition 4 is sufficient bur not necessary for PB implemen-
tation in general games. Section 7.2 explains why it is not necessary, and provides
condition that is both sufficient and necessary for general games. As it turns
out, ICE with respect to ICR is necessary and “almost” sufficient for sequential
implementation in generic 2 x 2 environments.

Proposition 5 [In 2 x 2 environments without repeated payoffs, the set of ICE with
respect to ICR is dense in the set of sequentially implementable outcomes.

5. When is cooperation possible in a prisoners’ dilemma

There are different versions of the classic prisoners’ dilemma story, and some
of them fit my model closely. A signed statement is an irreversible action with
flexible timing. Contracts between the prisoners are might not be enforceable by
the legal system. The right to have an attorney present provides a mechanisms
for actions to be verifiable. So, as long as repetition or transfers can be ruled
out, the set of sequentially implementable outcomes provides a reasonable set of
robust predictions for behavior in a prisoners’ dilemma with rational prisoners.
Applying proposition 5 results in the following complete characterization.

Proposition 6 In the prisoners’ dilemma from Figure 1, a joint distribution o €
A(A) is sequentially implementable if and only if:

<1%9) a(C,C) > a(D,C) + o(C, D). (2)

Let us further analize condition (2). First, notice that there are no constraints
on «(D,D), this is because defecting is already a dominant strategy. Second,
notice that the right hand side is always non-negative, and can always be made

15



equal to 0 by setting a(D,C) = a(C,D) = 0. This implies that the cooperative
strategy profile (C, C) can be played with positive probability only if g < 1, and,
if g <1, then it can be played with full probability.

Corollary 7 If g < 1, then (C,C) is an ICE and, if g > 1, the only ICE is (D, D).

Finally, notice that the probabilities of the asymmetric outcomes are bounded
above by a linear function of the probability of the cooperative outcome. This
is a natural condition, because a player can only benefit from cooperating if his
opponent is also cooperating. In particular, when g = 1, the left hand side of
condition (2) equals 0, which means that players cannot assign any probability
to asymmetric outcomes. For g € (0,1), this bound is relaxed so that the set of
ICE payoffs fans out, see figure 3. However, the expected utility of players who
do not confess has to be strictly greater than 1, because otherwise the threat of
opponent’s defection would not have any bite. This implies that there always exist
individually rational payoffs which cannot be achieved by any Nash implementable
distribution.

Uo U2 U2
g=1.00 g=0.75 g = 0.50

Uy U1 U1

Figure 3 — ICE for the prisoners’ dilemma with [ = 0.5 and different values of g.

5.1. Optimal sentence reduction

The analysis can be taken one step forward. Consider the problem of a DA
that must choose which deal to offer the prisoners as to maximize the total amount
of time served. Proposition 6 shows that cooperation may or may not be possible
depending on the specific payoffs. Hence, the DA’s problem is non trivial as she

16



must figure out the worst offer that the prisoners will accept in equilibrium. For
simplicity, I assume that the prisoners have linear preferences over the amount of
time served.

Suppose that, if n prisoners were to confess, the DA could secure a maximum
sentence of at most ji, € IN days in prison for each prisoner, where s > j; >
fio > 1 are exogenous parameters.” The DA can commit to offering an anonymous
sentencing policy p = (po, p1, i, p2) € Z7. If nobody confesses, each prisoner
will be sentenced to pg days. If both prisoners confess, each will be sentenced to
to days. If only one prisoner confesses, he will be sentenced to p; days and his
accomplice to i days. A policy p is feasible if pg < fig, p7, uy < fip and pg < pio.

The timing is as follows. First, the DA chooses a feasible policy u. This
induces the environment F in figure 4. Then, the prisoners play the equilibrium
which minimizes their total time served. Here, I consider two scenarios. In the
first scenario, the DA can force agents to make choices independently, so that the
set of equilibria is just the set of NE of the environment. In the second scenario,
the DA cannot prevent the prisoners from coordinating their choices, so that the
relevant set of equilibria is the set of ICE.

C D

C| —po,—po | —py, —pf

D | —pf, —py | —po, —po

Figure 4 — Environment induced by a feasible policy pu.

Proposition 8 The maximum total sentence time that the DA can guarantee un-
der independent choices is 211 — 2. Under interdependent choices, the time that
the DA can guarantee is 2min{2jig, ji1 } — 2. Hence, the cost to the DA of choice
interdependence is 2max{0, fi; — 2jig}-

Under independent choices, the optimal mechanism is to set the maximum
possible sentence for those people who do not confess, and the minimal sentence
reduction in exchange for a confession. This results in a per capita sentence close
to fi1. The resulting game is a prisoners’ dilemma. Using the same mechanism,

"Restricting attention to natural numbers guarantees existence of an optimal policy.
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the condition g > 1 from Corollary 7 is satisfied if j1; < 2j19. Which means that
mutual defection is also the only ICE and the prisoners would accept the deal, even
under choice interdependence. Hence, in that case, there are no interdependence
rents for the agents.

In contrast, when i1 > 2/, using the same mechanism would not be optimal
because mutual cooperation would be an ICE that would result in a total sentenc-
ing time per capita of at most . In appendix B.4 I show that, in that case, the op-
timal mechanism is given by ug = i, ui = 0, p; = i1, and p} = min{2j, i } — 1.
This is the harshest prisoners’ dilemma in which mutual cooperation is not an
ICE. Interestingly, the maximum possible per capita sentence in that case is only
twice the amount of time that the DA could convict the prisoners for without a
confession.

6. Implementation via mediated mechanisms

There are many different EFMs that implement the same outcome as an equi-
librium. One possible way to implement the set of ICE is via a simple class
of extensive form games in which a non-strategic mediator manages the players
through private recommendations. A mediated mechanism is characterized by
a triplet (o, 0, B). a € A(A) is a distribution over action profiles to be imple-
mented. 0 : A — A(I) specifies a distribution over the order in which players will
move, conditional on the action profile to be implemented. B = Xx;B; specifies
actions that can be recommended as additional credible threats. The effective set
of credible threats, B = B; U supp «;, also includes the actions played along the
equilibrium path.

Mediated mechanisms represent the EFMs described as follows. The game
begins with the mediator privately choosing the action profile a* that she wants
to implement (according to «), and the player i* to move first (according to
O(-]a*)). She then “visits” each of the players one by one, visiting ¢* first and —i*
second. When visiting each player ¢, the mediator recommends an action a;, and
observes the action actually taken af. At the moment of making their choices,
the players do not possess any information other than the recommendation they
receive. The mediator always recommends the intended action to the first player,

18



i.e. aj. = aj.. She recommends the intended action to the second player if the first
player complied, and one of the worst available punishments in B*,. otherwise,

i.e.:

* ¥

a’ .. € argmin ;- (af*,a_i*) it ab. # ak.
a,i*iji*

Note that following the mediator’s recommendations constitutes a Nash equi-
librium if and only if condition (1) is satisfied. Hence every ICE is Nash imple-
mentable via a mediated mechanism. This means that mediated mechanisms are
a canonical class for Nash implementation in the sense of Forges (1986).

6.1. Mediated mechanism for the prisoners’ dilemma

To see an example of a mediated mechanism, consider once again the the
prisoners’ dilemma from section 2 with a few differences. Now suppose that the
lawyer can directly control the timing of meetings, and observe the actions of the
players, and the prisoners have no notion way of measuring the passing of time.
Then, the prisoners could instruct the lawyer as follows:

“You must uniformly randomize the order of our meetings. If the DA
offers us a (prisoners’ dilemma) deal you must always recommend that
we do not confess, unless one of us has already confessed, in which case
you must recommend that we do confess. Other than those recommen-
dations, you must not provide us with any additional information.”

The resulting situation would be the mediated mechanism corresponding to
the EFM in Figure 5. The red arrows represent the actions recommended by the
lawyer at each information set. Indeed, following such recommendations consti-
tutes a sequential equilibrium if and only if ¢ < 1. This mechanism is equivalent
to the one analyzed in Nishihara (1997, 1999).
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Figure 5 — A mediated mechanism for the prisoners’ dilemma.

6.2. Timeability

An crucial feature of the EFM in Figure 5 is that, along the equilibrium path,
the prisoners are completely uniformed about the order of play. Each of the
prisoners cannot distinguish between the node where he is the first one to move,
and the node where he is the second one and his accomplice cooperated before
him. And he assign the same probability to each of these two events. For this
to be possible, it is crucial that the prisoners cannot measure the passing of time,
which might be an implausible assumption. Using the language of Jakobsen et al.
(2016), this the mechanism is not exactly timeable and “if the players have a sense
of time. .. [it] cannot be implemented in actual time in a way that respects the
information sets.” This criticism applies to mediated mechanisms in general.

One way around this issue is to use exactly timeable EFMs that approzximate
the relevant features of mediated mechanisms. For example, the mechanism from
Figure 5 can be approximated by the one in Section 2 in which the lawyer made
recommendations at randomly selected dated moments in time. Note that, in
the timeable mechanism, the beliefs of each prisoner about being the first mover
at the time of receiving a recommendation converge to 1/2 uniformly as p — 0.
Hence, as long as ¢ < 1—so that the mechanism in figure 5 is strictly incentive
compatible—the same outcome can be implemented. The same is true about
general ICE and mediated mechanisms. Say that an ICE is strict, if condition (1)
can be satisfied with inequality whenever a, # a;.
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Proposition 9 FEvery strict ICE can be Nash implemented using an exactly time-
able EFM.

6.3. Weaker mediators

Mediators in mediated games are remarkably powerful, beyond what might
be available in some real-life situations. It is thus important to keep in mind
that mediated mechanisms are one possible way to implement an ICE, but there
are be many others. For example, cooperation in a prisoners’ dilemma could be
implemented via the mediated mechanism from Figure 5. And it could also be
implemented via the mechanism from Section 2, in which prisoners are free to
choose the timing of their actions and whether they want to keep their actions
public or show them to the lawyer. While this mechanism also involves a lawyer,
it is possible to consider environments in which similar mechanisms arise naturally
without the intervention of a mediator.

Moreover, different outcomes can still be implemented via mechanisms with
weaker mediators. For example, suppose that any deviation from the equilibrium
path is publicly observed by everyone and not just the mediator. The outcomes
that could be implemented by mediated mechanism under such conditions can be
characterized by adjusting the worst punishment functions w in the definition of
ICE. In this case, the relevant punishment function for player ¢ would be w(a}) =
min, ;BRr_;(a}) w;(al,a_;), where BR_; is —i’s best response correspondence.

Alternatively, instead of assuming that the mediator controls the order of
choices, suppose that she can control the order of her recommendations but players
can choose to act before or after they encounter her. In such cases, the mediator
could not recommend action-specific punishments. A player who intended to
deviate would make his choice after the mediator has left, and thus the mediator
could no longer observe the specific deviation. The set of implementable outcomes
under these conditions could be characterized by replacing w; with the constant

minimax punishment wj(a;) = min,_,ea ) maxqea, Ui(a;, a_;).
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7. Quasi-sequential implementation

7.1. Quasi-sequential equilibrium

Sequential equilibrium is defined in terms of sequential rationality and belief
consistency. Sequential rationality requires choices to be optimal at the interim
stage for every information set in the game. Off the equilibrium path, belief con-
sistency requires players to update their beliefs in accordance with some prior
assessment of the relative likelihoods of different trembles or mistakes. Further-
more, it requires that these prior assessments should be common to all players.
Quasi-sequential equilibrium (QSE) imposes sequential rationality and requires be-
liefs to be consistent with trembles, but allows players to disagree about which
deviations are more likely.

For two player environments, it is useful to allow Nature to assign zero prob-
ability to some of its available moves. This is because, when faced with a null
event, a player can believe that it was Nature who made a mistake instead of
necessarily believing that an opponent deviated from the equilibrium.® In order
to define consistent beliefs, it is necessary to introduce new notation to denote
players’ beliefs about Nature’s choices, other than sy. Let Sy and Sy denote the
sets of mixed strategies and strictly mixed strategies for Nature.

A conditional belief system for 7 in an extensive form game G, is a function 1);
mapping ¢’s information sets to distributions over nodes. 1;(y|H) is the probability
that ¢ assigns in information set H to being in node y. Let ¥; denote the set of i’s
conditional belief systems. An assessment is a tuple (¢, s) € ¥ x X that specifies
both players interim and prior beliefs (or strategies). An extended assessment
is a tuple (¢, s,s;) € ¥ x ¥ x ¥y that also specifies prior beliefs on Nature’s
choices. Given an assessment (¢, ), an information set H, and an available move
m, V;(m|H) denotes i’s expected payoff from choosing m at H. The expectation
is taken given his interim beliefs v;( H) regarding the current state of the game,
and assuming that future choices will be made according to s.

8 It is often assumed that Nature assigns positive probability to all of its available moves, but
I am unaware of any good arguments to maintain this assumption. Consider for instance the
following quote from (Kreps and Wilson, 1982, pp. 868): “To keep matters simple, we henceforth
assume that the players initial assessments [on Nature’s choices| are strictly positive”.
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Definition 7.1 (Quasi-sequential equilibrium) An assessment (¢*,s*) € ¥ x X is:

o Weakly consistent if and only if for every player there exists a sequence of
strictly mixed extended assessments (1", s", s;") satisfying Bayes’ rule, and
such that (2, s, s;") converges to (1F, s*, o).

o Sequentially rational if and only if V;(m|H) > V;(m/|H) for all players 1,
information sets H € . and moves m,m' € M(H) with [s}(H)](m;) > 0.

o A quasi-sequential equilibrium (QSE) if it is both weakly consistent and

sequentially rational.

Sequential rationality requires that the choices that occur off the equilibrium
path should be optimal. This implies that players must always believe that the
future choices of their opponents will be rational, and this fact is common knowl-
edge. However, off the equilibrium path, QSE imposes no restrictions on beliefs
about past choices, nor agreement of beliefs across different players. In that sense,
the difference between QSE and Nash equilibrium can be thought of as a form of
future-looking rationalizability off the equilibrium path.”

The only difference between QSE and sequential equilibrium, is that the for-
mer imposes a stronger notion of consistency. Namely, the same sequence of
strictly mixed assessments should work for all players. Loosely speaking, sequen-
tial equilibrium requires choices and beliefs to be in equilibrium, not only along
the equilibrium path, but also in every ‘subgame’. In contrast, QSE requires equi-
librium along the equilibrium path, but only imposes a form of rationalizability
in null ‘subgames’.

The focus on QSE is partially motivated by the fact that it is the finer refine-
ment for which I can provide a complete characterization. However, there may be
situations for which it is more appealing than sequential equilibrium. In general,
equilibrium is not a straightforward consequence of rational behavior. In order to
guarantee equilibrium one must assume mutual or common knowledge of conjec-
tures (Aumann and Brandenburger, 1995), which may be hard to justify off the
equilibrium path.

In this respect, focal point arguments may be questioned because of the com-
plexity of determining whether an equilibrium is sequential. Communication can

9This idea closely resembles the notion of common belief in future rationality from Perea
(2013).
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be questioned along similar lines, because planning for all possible contingencies or
agreeing on their likelihood may be too complex. Finally, precedence may provide
a justification for equilibrium, but repetition provides no experience about events
which only happen off the equilibrium path (Fudenberg and Levine, 1993). Hence
there might be situations in which (7) it makes sense to assume agreement exclu-
sively along the equilibrium path; and yet (i¢) rationality and common certainty
of rationality may also be defended in every subgame.

7.2. Forward-looking interdependent-choice rationalizability and QS
implementation

The preceding discussion helps to clarify why it is that being an ICE with re-
spect to AR is not a necessary condition for PB implementation, despite the fact
that ICR is equivalent to common knowledge of rationality with interdependent
beliefs (cf. Halpern and Pass (2012)). After observing an unexpected event in an
extensive form game, a player might believe that the past choices of his opponent
were not rational. Hence, even in a sequential equilibrium of an EFM, it is pos-
sible for player choose actions that are rational but not ICR off the equilibrum
path.

In fact, two kind of actions can always be enforced as credible punishments
for QS implementation. ICR punishments are admissible because QSE implemen-
tation does not require agreement off the equilibrium path. Hence, the player
performing the punishment may very well have counterfactual beliefs which ratio-
nalize it. Moreover, since QSE only imposes belief of rationality for future choices,
beliefs about past can be chosen freely. Best responses to arbitrary degenerate con-
jectures are thus also admissible. These two ideas are embodied in the notion of
future-looking interdependent-choice rationalizablity (FICR).

Definition 7.2 (Future-looking interdependent-choice rationalizablity)

e a’ € A; is FICR with respect to A’ € &7 if and only if there exists a belief
N e A(A_;), a counterfactual belief \} € A(A’), and some p € [0,1] such
that af maximizes expected utility with respect to the counterfactual belief
N = pX + (1 — A € Ay(A). Let FICR;(A’) denote the set of profiles
consisting of FICR actions with respect to A’.
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o A" € o is self-FICR if and only if A" C FICR(A’).

e The set of FICR action profiles AF'R € o7 is the largest self-FICR set.

As before, AFIR is guaranteed to exist because FICR(-) is C-monotone, and
thus the union of all self-FC-rationalizable sets is self-FC-rationalizable. Also, it
is non-empty because it always contains the set of ICR action profiles.

Intuitively, one can think of A as the arbitrary beliefs (degenerate conjec-
tures) over past deviations, and think of A} as the conjectures about future FC-
rationalizable choices. With this interpretation, an action a; is FICR with respect

to an action space A’ if it is a best response to some conjecture \; that assigns

full probability to actions in A’ ,, only for choices that occur in the future. \; can
assign positive probability to any action, provided that this probability is inde-
pendent from ¢’s choice. The set of FICR actions is exactly the set of credible

threats that characterizes QS implementation.

Proposition 10 A distribution over action profiles is QS implementable if and
only if it is an ICE with respect to ATICR,

There are two interesting corollaries of this result. First, since sequential imple-
mentability implies QS implementability, Proposition 10 provides as a necessary
condition for sequential implementation in arbitrary environments. Second, since
ICR actions are FICR, in games with no absolute dominance a distribution is QS
implementable if and only if it is an ICE. This means that requiring QSE instead
of Nash equilibrium has a small impact, because most games of interest have no
absolutely dominated actions.

Corollary 11 All sequentially implementable outcomes are ICE with respect to
AFICR.

Corollary 12 When there are no absolutely dominated actions, a distribution is
quasi-sequentially implementable if and only if it is an interdependent-choice equi-
librium.

This section concludes with a characterization of the FICR operator. Loosely
speaking, the following proposition shows that it is equivalent to the elimination
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AFICR :

of strictly dominated actions in an auxiliary game. Hence, computing is no

more complicated than finding the set of rationalizable actions of a finite game.

Proposition 13 An action a; € A; is FC-rationalizable with respect to an action
subspace A" € of if and only if there is no a; € A(A;) such that:

a_; € A’_i} < min {Ui(aia a_;)

(1) max {Uz’(aua—i) a_; € A’_i}

(’l’l) ui(ai,a_i) < UZ'(OQ',CL_Z‘) fOT all a_; € A_Z\A,_Z
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A. Alternative definition of extensive form mechanisms

This section provides alternative definitions that slightly generalize the notions
of EFM (Definition 3.1) and implementation (Definition 3.2). I will use the term
EFM’ to distinguish the alternative class of mechanisms defined ahead from the
one in the main text. The class of EFM’ is s is a strict superset of the class of
EFM. However, all the results in the paper remain true under either definition.

The first requirement for an extensive form game to be an EFM’ is that it
must preserve the outcome and preference structure of the environment. That is,
there must be a preference-preserving map from terminal nodes (outcomes of the
game) to action profiles (outcomes of the environment).

Definition A.1 An outcome homomorphism is a function 7 from terminal nodes
onto action profiles preserving preferences, i.e. such that v(z) = u(7(2)) for every
terminal node z. G is outcome equivalent to E if it admits an outcome homomor-
phism.

The next requirement is that each player should freely choose his own action
at some point in the game. Formalizing this idea requires a form of identifying
moves (choices in the game) with actions (choices in the environment). For the
remainder of this section, let G be outcome equivalent to £ and fix an outcome
homeomorphism 7. For every player ¢ and every corresponding decision node v,
7 induces a representation relationship ~, from the set of moves available at y in
the game to the set of i’s actions in the environment. A move m represents action
a; at y, if and only if choosing m at y in the game has the same effect in (payoff-
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relevant) outcomes as choosing a; in the environment. This idea is formalized by
the following definition.

Definition A.2 Given a player i € I and a decision node y € Y;, a move m € M (y)
represents an action a; € A; at y if and only if:

(i) 7(2) = a; for every z € Z(y, m)
(ii) There exist m' € M(y) and z € Z(y, m’) such that 7;(z) # a;

The representation relationship is denoted by m ~,, a;, and M% (y) denotes the set
of moves that represent a; at y. A move is pivotal at y if and only if it represents

some action.

The first requirement for m =, a; is that, if ¢ chooses m at y, then the
game will end at a terminal node which is equivalent to a; according to 7;. This is
regardless of any previous or future moves by either ¢ or his opponents. The second
requirement is that, after the game reaches y, ¢ could still choose a different move
m’ after which the game remains open to the possibility of ending at a terminal
node that is not equivalent to a;.

Definition A.3 A decision node y € Y; is pivotal for player ¢ € I if and only if
M (y) # () for every a; € A;. D; CY denotes the set of pivotal nodes for i.

In words, a decision node y is pivotal for player i if for every action a; € A;
there exists a pivotal move which represents it at y. The central property of EFGs
is that every player makes a pivotal move at a pivotal node along every possible
play of the game. A final technical condition is that a player should always know
when he is making a pivotal move representing some action.

Definition A.4 (G, 7) satisfies full disclosure of consequences if and only if ~,=~,,
whenever y and y’ belong to the same information set.

Finally, the alternative versions of definitions 3.1 and 3.2 are as follows:

Definition 3.1’ A extensive form mechanism is a tuple (G, 7') satisfying full dis-
closure of consequences and such that for every terminal node z and every player
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i, there exists a pivotal node y € D; and a pivotal move m € M7 such that
z € Z(y,m).

Definition 3.2° « € A(A) is (Nash, sequentially, ...) implementable if and only
if it there exist a mechanism (G,T) and a (Nash, sequential, ...) equilibrium
s* € S such that for every a € A:

ala) =" (T_i(a)) = ((z]s%, s0) - ]1(7'(,2) = a).

z2€Z

B. Omitted proofs

B.1. Necessary conditions for implementation

Proof of Proposition 3. 1 will proof the Proposition using the alternative defini-
tions from section A. Because every EFM according to Definition 3.1 is also an
EFM’ according to the alternative definition, the proof implies that the result
holds true using either of the two definitions. Consider an EMF’ mechanism
(G,7), a NE s* and let « be the induced distribution. I will show that « is an
ICE.

Fix any two of actions a},a; € A; with «;(af) > 0 and a} # a}. For each
information set H € ¢, let M*(H) be the set of moves that represent af at H
and are chosen with positive probability. Also, let € JZ* be the set of information
sets along the equilibrium path in which i chooses a move representing a; with
positive probability according to s*. Finally, let (* be distribution over nodes
induced by s*. All the expectations and conditional distributions in this proof are
with respect to (*.

Every H € " must be pivotal, and thus admits a move m’' € M% (H)
representing a;. Since s* is a NE, and H is along the equilibrium path, for each
m* € M*(H):

E {ui(aj, a_;)

H, m*] > [ui(a;,a_i)

Hom'|, (3)
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where H, m denotes the set of nodes H x {m} for m € {m*, m'}.
Let ®7 C H denote the event that 7_; is already determined at H, i.e.:

o = {y eH ‘ (Vz, 2 e Z(y)) (T_,'(Z) = T_,-(z'))} , (4)

and let ® = H\® be its complement. Notice that the probability of ®# and
the distribution of 7=}

—1

(a_;) conditional on ® are independent from 4’s choice at
H. Hence, by Bayes’ rule:

E [ui(a;, a_i)

Hom'| = ¢ (8" | H,m') B ui(aj,as) | Hm', @" |

C* ((i)H ‘ H, m') E [ui(a;,a_,-) H,m', @H}

= (" ((IDH H, m*) E {ui(a;,a_i) H, m*}

C* (Ci)H ‘ H, m*) E [ui(a;,a_i) H,m', @H}

> ¢ (@ | H,m™) B [wila],a) | Hom" |+ ¢ (@ | Hym") wia)).

+

_|_

Together with (3), this yields the following inequality which does not depend on

m'

E [ui(af, a—;)

H,m*} + (CfH ‘ H,m*) w;(ay).

H, m*} > (* (@H ‘ H,m*) E[ui(a;,a_i)

The last inequality holds for for each point in the game where ¢ chooses a}
with positive probability. Integrating over them yields:

> Cafai)ui(a),az) > Y {(*(—i,aj,a_i)ui(a;,a_,-)+C*(z’,a§,a_i)t_ui(a§)

a_;€EA_; a_;€EA_;

After rearranging terms, using Bayes to write (*(i, af, a_;) = (*(i|af, a_;)(*(af, a;),
and factorizing (*(af, a_;), this equation corresponds to condition (1). Since 4, a}
and a] were arbitrary, it follows that « is an ICE. n

B.2. Sufficient conditions for implementation
Since every EFM according to Definition 3.1 is also a EFM’ according to Defi-

nition 3.1, I prove the sufficiency results using the former definition. Proposition
4 is a Corollary of Proposition 10 proven in Section B.5.
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Proof of Proposition 5. First, consider the case in which some player ¢ has an
absolutely dominated actions, say a;, and let a_; be —i’s unique best response
to a;. In this case (a;,a_;) is the unique ICE with respect to AR, and it is a
(sequential) equilibrium of the simultaneous move game.

Now, suppose that there are no absolutely dominated actions and let a* be
any strict ICE. By Lemma 14, there exists a distribution o with full support that
can arise from a pure-strategy sequential equilibrium s° of an EFM G°. For each
pe (0,1) let o = pa®+ (1 —p)a*, and let G* be the EFM constructed as follows.
At the initial node, chance chooses G° with probability p, and the mediated
mechanism G* (see section 6) corresponding to * with probability (1 — p). Then,
a new information partition is created, by combining all the information sets in
which the mediator recommends some a; in G*, with all the information sets in
which i plays a; in G° according to s?. Finally, let s* be the strategy profile that
follows recommendations in G*, and mimics s° in G°.

Since A is finite (which means there are finitely many incentive constraints),
a* is a strict ICE and s° is a sequential equilibrium of G, s* is a Nash equilibrium
for u sufficiently close to 0. Also, since a has full support, every information set
in G* is reached with positive probability, and thus s* is a sequential equilibrium.
Moreover, a* — a* as u© — 0. Hence, o* can be approximated by sequentially
implementable distributions. |

Lemma 14 [f a 2x2 environment has no absolutely dominated actions, then there
is an sequentially pure-strategy implementable distribution o such that a(a) > 0
for every a € A.

Proof. Let A; = {a;,b;} for i = 1,2, and suppose that there are no repeated
payoffs nor absolutely dominated actions. The result is straightforward if there
are no strictly dominated strategies, because then there exists a completely mixed
(sequential) equilibrium. As usual, the randomization can be delegated to chance,
so that players use pure strategies in the implementation. The interesting cases
are when there are no absolutely dominated strategies, but at least one player has
a strictly dominated strategy.
Let \;, A, € A; denote the counterfactual beliefs:

)\,-(a_,-|ai) =1 A )\Z(b_z|b_z) = ]., and )\;(b_z|az) =1 A )\;(a_z|b_z) =1. (5)
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If b; is not absolutely dominated but it is strictly dominated by a;, then it must be
a best response to either A\; or \;. Furthermore, since there are no repeated payoffs,
it must be a strict best response. There are two cases to consider depending on
whether one or two players have dominated strategies.

az ba

Figure 6 — Implementation of b; when it is the only dominated action.

Fist suppose that player 2 has no dominated strategies but b; is dominated by
a;. Further assume (without loss of generality) that as is a best response to a;.
This implies that by is the unique best response to by, and that (aq, as) is a strict
NE of the simultaneous move game. If b; is a best response to Aq, then it suffices
to have player 1 move first and make his choice public. By backward induction,
in the unique SPNE, player 2 will choose as if he chooses a; and by if he chooses
bi. Hence, 1’s counterfactual beliefs are \; and b; is the unique best response.

Otherwise, if @} is a best response to A}, then it can be implemented as an
equilibrium of the mechanism in Figure (6), with ¢ > 0 small enough. The
equilibrium strategies are represented with arrows. Player’s are willing to choose
a; because (aj,ay) is a strict Nash equilibrium. Player 2 is willing to choose by
because it is a best response to b;. Player 1 is willing to choose b; because his
conjectures at that moment are close enough to A}. Since all the information sets
are on the equilibrium path, the equilibrium is sequential.

Finally, suppose that both players have strictly dominated strategies, say b;
and by. In this case (a1, as) is a strict NE. If b; is a best response to A;, then it can
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as ag

Figure 7 — Implementation of b; when by is also dominated.

be implemented as a NE of the mechanism where i moves first and —¢ chooses b_;
along the equilibrium path and punishes deviations with a_;. Otherwise, if b; is
a best response to A}, then it can be played with positive probability in a NE of
the mechanism depicted in figure 7, with € > 0 small enough. Hence there always
exists EFMs G' and G? with NE in which b; and by are played with positive
probability.

The proof is not complete because the equilibria are not subgame perfect. For
that purpose, one can construct a third mechanism in which nature randomizes
between G' and G? and the simultaneous move game, and every action is played
with positive probability along the equilibrium path. Information sets can be
connected so that, whenever a player is supposed to choose b; he believes that he
is in G*. Doing so guarantees that the equilibrium is sequential. |

Proof of Proposition 9. Suppose that a € A(A) is an ICE and let 6 be such that
(c, 0) satisfy (1) strictly for all ¢ and @ with B = A. For every € > 0, just as in
section 2, it is possible to construct random variables ¢{ and ¢ with the property
that

| Pr(ti <t2|t) — 0(ila)] <e, (6)

for i = 1,2. Now, consider the EFM in which Nature chooses an intended action
profile a* according to «, and two moments in time ¢; and ¢, according to a
distribution satisfying (6). At moment ¢;, player i is recommended to play a}
along the equilibrium path, and the harshest punishment for —i if a deviation has
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already taken place. Since « is a strict ICE, for € small enough, following these
recommendations constitutes a NE. [

B.3. Properties of ICE, ICR, and FICR

Proof of Proposition 1. Note that w;(a},a—;) > w;(a;|B*) by definition. Hence,
condition (1) becomes tighter for higher values of 6(i|a). Setting 0(ila) = 0
in condition (1) yields the definition of correlated equilibrium. Hence, « is a
correlated equilibrium, then condition (1) is satisfied for any €, which implies that
a is also an ICE with respect to any B.

Similarly, if a is an ICE with respect to some B, then condition (1) is satisfied
for some 0. Consequently, it is also satisfied setting #(i|a) = 1. This implies that
for every a; € A; we have

> a(a)u(a) > wi(a}|B*) = min w;(a’) > min w(a’)

=y a’_,eB* al_€A_i

In particular, this is true for whichever a, achieves i’s minimax. Therefore,

. > . ().
agia(a)uz(a) > Dax min u;(a)

That is, « is individually rational.
Let I' € A(A x I) be the set of distributions satisfying

> la)ui(a) = y(a, —iui(ai, a—s) — y(a, i)wi(a;|A) > 0.
a_;EA_;
Since I' is defined by a finite set of affine inequalities, it is a closed and convex
polytope. The set of ICE with respect to A is the projection of I" on A(A). M

Proof of Proposition 2. ICR actions are clearly not absolutely dominated. For the
opposite direction, fix an action af € A; that is not absolutely dominated in A’.
Let a*; € argmax, 4  ui(a;,a—;). Since a7 is not dominated in A’, for every
a; € A; there exists some a_;(a}) € A", such that u;(a*) > w; (ag, a_i(a;)). Hence
al is a best response to \; € A;(A"), with \;(a*;|af) =1 and \; (a_i(a;)) =1 for
a; # al.

An elimination procedure can be described by a function K : & — &, de-
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scribing kept actions, such that for A € &/ (i) never adds new actions, i.e.
K(A") C A’ (i) never eliminates undominated actions, i.e. CR(A") C K(A');
and (7i¢) if there are dominated actions then it always eliminates at least one, i.e.
CR(A’) # A’ implies K(A") # A'.

Now consider the corresponding sequence of surviving actions (A") € &N
defined recursively by A' = A and A"™' = K(A"). For n € IN with A™ # 0,
there exists some action profile a® € A™. Ans, since the game is finite, for each
player i there exists a best response a} to a,. By (i) this implies that a* €
CR(A™) C A" Thus, by induction, (A") is weakly decreasing sequence of
nonempty sets. Therefore, since o7 is finite, (A™) converges in finite iterations
to a nonempty limit A*. Since A'R C CR(A'R) and CR(-) is C-monotone, (i)
implies that A'R C A" for all n € N, and thus A'R C A*. Finally, (7ii) implies
that A* C CR(A*) and thus A* C AR, [ ]

Proof of Proposition 13. af € FICR;(A’) if and only if it is a best response to
some N; = p\? + (1 — p)A}, with \) € A(A_\A",), A € A(A,) and p € [0,1].
Which holds if and only if it is a best response to those beliefs which are more
favorable for a’, i.e. beliefs with:

A (arg max {ui(af, a_i)}

a_;€EA_;

aj) =1, and X\ <argmin {ui(ai,a_i)}

a_;€EA_;

a; # a; ) =1.
Hence, after some simple algebra, a} € FICR;(A’) if and only if for every a; € A;:

>0

+ 0 e il ) — wilalan)
a*iQALi

(1 = p) |wia;) — wi(a;)

Y

where w;(af, A’) = max, ;ca’ {u,-(a;k,a_,-)} That is, if and only if it is a best
response to some (non-counterfactual) belief in the auxiliary strategic form game
([, 121, ﬂ) with Az = Ai7 121_@' = (A—Z\A—Z) U {a(li}, and fbl : A — R given by

Ui(&z’> a—i) if a_; ¢ A/—z’
ili(ai, CL_Z') = @Z(CL:
wi(ai, A" if a, € A, N a; #a)

i

AN i e, e A Naj=al .

The result then follows from the well known equivalence between never best re-
sponses and dominated actions, cf. Lemma 3 in Pearce (1984). n
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B.4. Prisoners’ dilemma

Proof of Proposition 6. Suppose that a € A(A) is supported as an ICE by 6.
Since D is a dominant strategy, the incentive constraints for it are automatically
satisfied. After some simple algebra, the incentive constraints when player 1 is
asked to play C can be written as:

la(C,D) + ga(C, C)
(1+9)a(C,C) 0

0(1/C,C) >

and the corresponding constraint for player 2 can be written as:

C,C) —la(D, C)
1+ g)a(C.C) (8)

0(11C.C) = 1 — o2|C, ) < O

Hence a is an ICE if and only if there exists a number 6, € [0,1] such that
0(1|C, C) = 0y satisfies both (7) and (8). This happens if and only if:

a(C,C) —1a(D,C) _ 1a(C,D) +ga(C, C)
(1+g)a(C,C) — (1+g9)a(C,C) ~’

which is equivalent to condition (2). Note that 6(1|C,C) 4+ 6(2|C,C) = 1 is the
constraint that restricts the set of ICE. This constraint implies that in order to
increase 0(1|C, C) (as to relax (7)), one has to decrease 6(2|C, C) (which tightens
®)). -

Proof of proposition 8. The proof is divided into four cases, depending on the
properties of the environment induced by u. First, if (C,C) is an ICE, the total
per capita sentence in equilibrium cannot be greater than —u;(C, C) = p. Second,
suppose that (D,D) is a dominant strategy but, u;(D,D) > u;(C,C). In this
case, once again, the per capita sentence cannot be greater than —u;(D,D) <
—u;(C,C) = pg. Third, suppose that (C,C) is not and ICE, but (D, D) is not
dominant. Since (C,C) is not and ICE, it must be the case that

1 1
u;(C,C) < §ui(D, C)+ §ui(D,D) = o < 2o — p 9)
Since (C, C) is not a Nash equilibrium and (D, D) is not dominant, it follows that
u;(D, D) < uy(C,D). (10)
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This implies that (D, C) is a Nash equilibrium and thus an ICE. Consequently, in
this case, the per capita sentence cannot be greater than

(D, C) ~ Sui(C.D) < ~ (D, C) — L(D,D) < Lpaf + a0~ Lyio = i,
where the first inequality follows from (10) and the second one from (9). In
all these cases, the maximum possible per capita sentence is bounded above by
fo < o < min{fiy, 2fio }-

The actual optimal policy belongs to the last remaining case, with (D, D) being
strictly dominant, u;(C,C) > u;(D,D) and (C,C) not being an ICE. This case
corresponds to a prisoner’s dilemma in which cooperation is not an ICE. Hence,
by corollary 7, g > 1 and the only ICE is (D, D). Which means that the optimal
policy is obtained by maximizing us subject to the following constraints

0<po<po N O0<pi,puy <pr A 0<py < fip (11)
o <po AN ope<pr A po < p (12)
210 > pio + p1y (13)

Condition (11) requires the policy to be feasible. Condition (12) requires the
induced environment to be a prisoners’ dilemma. Condition (13) is equivalent to
g>1.

Note that ] and p; only appear as lower and upper bounds of s, respectively.
Hence, it is optimal to set u7 = 0 and pu; = fi;. The program thus reduces to
maximizing us subject to

210 > p2 > fio A 0< < A 0 < po < flo-

Since pig < ji1, the constraint py < fip is binding, which means that the program
reduces to

max {12 | 2 < 20 A 0 < 2 < jn | = max{fis, 2o}
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B.5. Quasi-sequential equilibrium

The proof of Proposition 10 is divided in two parts regarding necessity and
sufficiency. To establish necessity it suffices to show that given a QSE of an EFM,
every action played with positive probability (on or off the equilibrium path) is
in AF'R_ Then the proof of Proposition 3 applies simply replacing w;(a’, A) with
w;(a;, AT'R). This fact is established in Lemma 15. Given an EFM and an QSE
(s*,9%), let Af C A; denote the set of actions that i plays with positive probability
is some information set, i.e.:

Aj:{aieAi

(HH € %) (Elm € M‘“(H)) ([s:(H)](m) > o)} .

Lemma 15 FEvery quasi-sequential equilibrium s* of an extensive form mechanism
satisfies A* C AFICR,

Proof. Fix some a € A} chosen with positive probability in some H € J7, and
a move m% € M® (H) that represents a and is chosen with positive probability.
For each other action @) # a}, pick a move m% € M%(H) representing a} at
H. Now let p = 4} (<I>H ‘ H) € [0,1], where ® is the event that 7_; is already
determined at H, as defined in (4). Finally, let \? € A(A_;) and A} € A;(A*) be
the given by:

Xla_) = ¢ (7'—_' (a—:)

H, CI)H) ,and M (a_a;) = ¢ (T__~ (a_;)

2

H,m‘”,i)H),

and let \; = pA) + (1 — p)AL
Being that ¢ ((IDH ’ H, m) and ¢/ (T__Z-l(a_i)|H, m, @H) are independent from m,
sequential rationality implies that for every deviation a;:

> Nlasilauilala) = > ¢ (75 ) | Hom ) ug(af, as)

a*ieAfi a,iGA,i
> 3 ¢ (7 ) | Hom™) wila), az)
a_;€EA_;
= > ila-ila)ui(aj, ).
a_;€EA_;

Hence a} is a best response to Af € A;(A*), and thus a] € FICR(A*). This holds
for all i and a} € A. Hence, A* C FICR(A*) and thus A* C AFIR, |
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The sufficiency proof is constructive, and the mechanics behind the construc-
tion are as follows. Every action a € AF'R can be rationalized by some beliefs
about future choices in AR and about arbitrary equilibrium or arbitrary past
choices. Off path beliefs are assigned in such a way that, whenever ¢ is asked to
choose aY, he naively believes that doing so is in his best interest. Since weak
consistency does not imply any consistency requirements across players, this can
always be done even if it implies that ¢ must be certain that his opponent is or

will be mistaken.

Proof of sufficiency for Proposition 10. Fix an ICE o with respect to AT'R. T will
construct an extensive form mechanism (G, 7) and a QSE (s*, 1) implementing it.
As an intermediate step, let G° denote the mediated game which implements « as
an ICE with respect to AF'“R. T will add additional off-path histories to guarantee
that the equilibrium becomes QS. Since equilibrium path remains unchaged, it is
sufficient to ensure that sequential rationality off the equilibrium path, and that
the off-path beliefs are weakly consistent.

In the construction, all the players’ information sets are pivotal and have a
unique pivotal move representing each action, and all the moves in each pivotal
information set are pivotal, i.e. M(H) = Ug,ea, M*(H) and #M(H) = #A; for
H € 7. Furthermore, the only information that a player has at the moment
of making his choice is the action that he is supposed to choose. Hence, it is
possible to specify equilibrium strategies by labelling each information set with
the distribution of actions that the corresponding player is supposed to follow.
For instance H% represents a pivotal information set in which, according to s*, ¢
chooses the only move which represents a; in H%.

Fix a player i and some action a? € AMR\ supp(a;). Since AFR is self-FC-
rationalizable, a! is a best response to some counterfactual belief \; = (1 — u)A) +
pAd, with e [0,1], A) € A(A-;) and A} € Aj(ATR). (1 — p)A? can be further
decomposed as (1 — p)A) = YAl + n\? with v, € [0,1], A} € A(A_;\APR)
and \? € A(APR). Assume without loss of generality that A}(a_;|a?) = 1 and
A (a-i(a)]a;) = 1 for every aj # af, where a_; € argmax,_ ¢ ncr{u;(a7, a—;)} and
a—i(a—;) € argmin, ¢ srcr{ui(aj, a—;)}.

The entire mechanism starts from an initial node where Nature chooses be-
tween G and other additional paths. For each action a? € FICR;®\ supp(a;),
G denotes a set of paths on which player ¢ is willing to choose a; and believe
that the future choices of his opponents will be restricted to FICRY,. The set of
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paths G% is depicted in Figure 8. The nodes are labelled with circled numbers,
and the player moving at each node can be inferred from the subindexes of the
information sets.

[1— eny/Ni — 2n/N; — 2 /N

Equilibrium path
and other deviations

Figure 8 — Incentives for af € AFICR\ A7

The numbers within brackets, specify the sequence of mixed strategies that
converges to the equilibrium assessment. (€,) denotes an arbitrary sequence of
sufficiently small positive numbers converging to 0, and N; = #AFR is the num-
ber of FC-rationalizable actions. The sequence is not strictly mixed, but reach
all the relevant information sets with positive probability.!” The limit of this se-
quence generates weakly consistent beliefs. Hence, it only remains to verify the

incentive constraints:

e At nodes (1) and (2), player —i is willing to make choices according to \?
because he believes that he is on the equilibrium path.

e At nodes (7) and (8), a_; and a_; may not be best responses to a? or a.
However, they are in FICRY, and thus —: is willing to play them either
along the equilibrium path, or on G and G¢-i. Since —i will consider the

100ne could use a strictly mixed sequences by assigning probabilities or order € or less to
other strategies, but this would only complicate the exposition unnecessarily.
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deviations to and in G% to be unlikely (of order at most €*), the incentives
for these actions are independent from what happens in this figure.

e First suppose that the information sets for ¢ are fully contained in the figure:

— At (3) player i is supposed to choose an action which is a best response
to A?. And therefore his choice is trivially incentive compatible.

— It is straightforward to see that equilibrium beliefs for player ¢ would

generate a conjecture A; at nodes (4)—(6), and thus he would be willing
0

3

to choose a

e Now suppose that either H* or H ap® appear in other parts of the game.
There are only two possibilities:

— They could appear as punishments in the position analogous to (7) or
(8) in some G%i. From #’s perspective, this has probability of order €
or lower, and hence it is irrelevant for .

— They could appear in the equilibrium path, or in some G in the
positions of (3) - (8). In such cases, it will also be a best response to
the conditional beliefs and thus to the average beliefs.
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